All rights reserved. Printed in Great Britain

1. Appl. Maths Mechs, Vol. 61, No. 6, pp. 921-930, 1997
@ Pergam on © 1998 Elsevier Science Ltd
PII: S0021-8928(97)00120-2 0021-8928/97 $24.00+0.00

WEAK OSCILLATIONS OF A GAS BUBBLE IN
A SPHERICAL VOLUME OF COMPRESSIBLE LIQUIDY

I. Sh. AKHATOV, N. K. VAKHITOVA, G. Ya. GALEYEVA,
R. I. NIGMATULIN and D. B. KHISMATULLIN

Ufa
(Received 29 November 1996)

The following spherically symmetric problem is considered: a single gas bubble at the centre of a spherical flask filled with a
compressible liquid is oscillating in response to forced radial excitation of the flask walls. In the long-wave approximation at low
Mach numbers, one obtains a system of differential-difference equations generalizing the Rayleigh-I.amb-Plesseth equation.
This system takes into account the compressibility of the liquid and is suitable for describing both free and forced oscillations
of the bubble. It includes an ordinary differential equation analogous to the Herring—Flinn-Gilmore equation describing the
evolution of the bubble radius, and a delay equation relating the pressure at the flask walls to the variation of the bubble radius.
The solutions of this system of differential-difference equations are analysed in the linear approximation and numerical analysis
is used to study various modes of weak but non-linear oscillations of the bubble, for different laws governing the variation of
the pressure or velocity of the liquid at the flask wall. These solutions are compared with numerical solutions of the complete
system of partial differential equations for the radial motion of the compressible liquid around the bubble. © 1998 Elsevier Science
Lid. All rights reserved.

1. FORMULATION OF THE PROBLEM

Mathematical studies of the radial pulsations of a gas bubble in a homogeneous liquid previously took
one of two forms. One approach was to assume that the liquid is unbounded and incompressible, but
with the pressure at infinity specified. The equation of motion of the liquid was then reduced to the
Rayleigh-Lamb—Plesseth equation [1-3]

dw, 3 5, p,~-p. da 2X
— = - a=_’ = ——— .
etV s TS W P@= py@- a1

where p is the density, X is the surface tension of the liquid, w, is the radial velocity of the liquid at the
bubble surface, p, is the gas pressure in the bubble (more precisely, at its walls), p, is the liquid pressure
at the bubble waﬁ, and p.. is the pressure far away from the bubble (at infinity). The other method was
to allow for the weak compressibility of the unbounded liquid surrounding the bubble by adopting the
so-called scheme of linear or non-linear acoustic radiation. In that case the radial motion of the bubble
was described by the Herring—Flinn—Gilmore equation [4]

a +—=w, =

dw, 3 2 _Pa=Pn,  a d(p,—p.)

a 2 p * pC dt (12)
Allowance was made for the damping of the oscillations owing to spherical acoustic pressure waves
radiating from the bubble. The pressure p., was interpreted as the pressure in the liquid far from the
bubble, but no method for calculating it was specified.

An approximate theory, based on the perturbation method, was developed for the radial motions of
a spherical bubble in an unbounded compressible liquid on the assumption that the liquid is not
perturbed at infinity [5]. This theory yielded a “family” of equations for the bubble oscillations, which
includes Eq. (1.2) and the equations obtained by others [4] as special cases. It has been shown that all
these equations are “equivalent”, in the sense that they are accurate to the same order with respect to
the Mach number. It was assumed that the bubble oscillations have no influence on the external acoustic
pressure field in the liquid, i.e. a wave incident on the bubble is reflected from it unchanged. This enabled
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the problem of the oscillating bubble to be treated in isolation from the acoustic problem in the liquid,
using the external acoustic field as a given driving force acting on the bubble.

In this paper we consider the combined problem of the oscillations of the bounded volume of liquid
and the gas bubble. It will be shown that the problem may be reduced to an equation similar to the
Herring-Flinn-Gilmore equation for the bubble radius, in which the dependence of the driving pressure
on the change in the bubble radius and the pressure at the outer boundary of the liquid (the flask wall)
is given by a differential-difference equation.

Consider a liquid in a spherical flask of radius R and a spherical bubble of radius a at the centre of
the flask. We will study the spherically symmetric radial motions of the liquid around the bubble, due
to small spherically symmetric displacements of the flask wall, of amplitude &r, assuming that

a<R, &r<R 1.3)

One might think that when a < R the pressure far from the bubble may be taken equal to the pressure
Pr at the flask wall, i.e. p.. = pr. However, this is not generally true.

First, because of the finite speed at which the perturbations propagate in the liquid (the finite speed
of sound in the liquid), there is a time delay ¢; between the perturbation at the flask wall and the arrival
of this perturbation in the vicinity and, in particular, at the wall of the bubble. For Ry = 5cm and C =
1500 m/s one has t; = 33 us which is comparable with (or even greater than) the oscillation period if
the frequency of the imposed perturbation is f > 10 kHz.

Second, a perturbation originating at the outer boundary of the liquid (the flask wall), owing to its
spherical acoustic convergence as it penetrates the flask, is amplified as r, where r is the radial
coordinate measured from the centre of the spherical flask. Hence the bubble will “sense” the
amplification of the perturbation compared with its amplitude at the boundary of the flask r = R.

Thus, the Rayleigh-Lamb-Plesseth equation (1.1) and the Herring-Flinn-Gilmore equation (1.2),
both of which assume that the liquid is infinite, are not suitable for a gas bubble in a finite volume of
compressible liquid.

The spherically symmetric formulation of the problem of radial motions (the field of radial velocities
w(r, t)) of a compressible liquid around a spherical bubble, which includes differential equations for
the mass and the momentum, the barotropic state equation of the liquid at pressure p and density p,
and the boundary conditions at the bubble surface r = a and the flask wall » = R, may be written as
follows:

dp  d(pw)  2pw ow dw dp
-+ ———+—=0, -_ —+—=0, = .
o ar ' r Por TPt = PP (1.4)
2% d
r=R: p=pp(t), r=a p=pa(a)=p§(a)—7, w=wa=7‘:=a’ (1.5)

2. THE EQUATIONS OF THE RADIAL OSCILLATIONS
OF THE BUBBLE

It can be shown that the space between the bubble surface and the outer surface of the flask consists
of three zones:

1. A far or external zone, where the compressibility of the liquid is significant but the non-linear inertial
forces produced by convective accelerations are negligibly small and the motion of the liquid is wave-
like.

2. The neighbourhood of the bubble, or internal zone, where the liquid may be considered to be
incompressible and the motion is due only to contraction and expansion of the bubble, but the non-
linear inertial forces produced by convective accelerations are significant.

3. An intermediate zone, where the compressibility of the liquid and the non-linear inertial forces
produced by convective accelerations are fairly large.

In the first two zones one can construct appropriate asymptotic analytical solutions.

In the external or far zone, far away from the bubble (* > a?), the convective accelerations of the
liquid particles are fairly small

wow / dr<€ow / ot
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This estimate follows from estimates for the accelerations
wow/lor=wh/Ag, Owl/dt=wplty (Ag=Clg)

where Ag and g are the length and period of the wave perturbation in the liquid in the external zone
and tg is equal to the characteristic period of the vibrations at the flask wall. The ratio of these
accelerations is equal to the characteristic Mach number My, of the motion of the flask wall, which is
assumed to be small

Then the momentum and mass equations of the continuous medium in the external domain (r > a,
W < Wep, P < Pex) Teduce to the linear wave equation for the external asymptotic behaviour of the velocity
potential @y, which may be written as follows for spherically symmetric motion

az(Pex_ 21 a(za(Pex)
or? =C r? or 4 or

The general solution of this equation is

ou= w5}

where y, characterizes a wave incident on the bubble and y, characterizes a wave reflected from the
bubble.

Using the Cauchy-Lagrange integral for transient potential motion and the smallness of the
perturbations in the external zone (* > a?), one finds that the external asymptotic behaviour of
the pressure p.,, the velocity w., and the density p., may be described in terms of the asymptotic potential
ey as follows:

0 19 d ex ex —
Pex =Po—po-(gTe» wex='_(a’;—' Pex =p0+p C2p0 (21)

In the second zone, or the region next to the bubble (r ~ (1 + 10)a), that is, in the boundary layer,
which is thin compared with the radius of the flask, an estimate derived from the equation of conservation
of mass (the first equation in (1.4)) yields the following formulae

.a_pz_sg, wa_pzwa.a_p’ p?.‘y.z w, Ppw _pw, (22)
ot t, or a or

where ¢, is the characteristic time of a density wave around the bubble and w, = a’ is the characteristic
velocity of motion of the liquid at the bubble surface. The assumption that near the bubble the
displacements of the liquid (due to the compressibility of the bubble) in the characteristic time ¢, are
comparable with the bubble radius a may be written as follows:

t,=alw,

At low Mach numbers near the bubble (M, = w,/C < 1), this assumption corresponds to long density
waves near the bubble: A, ~ Ct, > a.

In sum: the ratio of the terms associated with the compressibility (8p) to terms not associated with
the compressibility is equal to the relative variation of the liquid density around the bubble, which is
assumed to be very small

S a _, o WP a % _. o
tupw, p ' a pw, p *

Therefore, in a region close to the bubble but in the internal zone (¢ = ¢;,), the following asymptotic
formula holds for an incompressible liquid
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9 ( 299y )
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or (r or
The solution of this equation, taking into account the boundary condition at the bubble wall (r = a:
w=w, =a’),is

@i =—a'a’ /1 (23)

The Cauchy-Lagrange integral in this case includes a component corresponding to the non-linear
inertial force; the integral is
2w’

Y 2 _
3 + 5 +p0 F() 24)

In view of (2.3), this integral yields the Rayleigh—-Lamb-Plesseth equation (1.1), where p., is the
pressure at “internal infinity”

r=R;: p=p. (a<R<R) (2.5)

To obtain an equation for the radial motion of the gas bubble for a given perturbation at the flask
wall (pr = pg(t)), taking into account the compressibility of the liquid, one must “match” the asymptotic
solutions for the external and internal zones in the intermediate zone or at intermediate infinity. The
matching condition must be used for the volume flow rate of the liquid and for the pressure

41"'2 a‘Pin
r

(2.6)

=4nr? —-ag:" l

s Pinl,_)_, = pcxl,_,o
r—0

r—soo

Taking into account the fact that the flow rate for an incompressible liquid depends only on time

S

- 2 9%
Qty=r o

or
one can express the first relationship in (2.6) in the form

- 2 ‘pex —_—— _L L
o= sl Ly (i-L)rw(er L)+

r r r
—| -yl t—— sle+— -y, (1) -y, (¢
+C[ ‘l’l(' C)'*“l’z(""c)]r_)o—) ViD=, ()
implying the following relationship between the reflected and incident waves
Vi =-¥; -0 (VX))

and the asymptotic formula for the velocity potential in the far zone is

Pex ‘l[\h(” ) ‘l’z(“'E)—Q(“—Z:)] 238)

Using the Cauchy-Lagrange integrals (the first expression of (2.1) and (2.4)) and the asymptotic
formulae for the velocity potentials (2.1) and (2.3), one finds asymptotic formulae for the pressure
distributions in the external and internal zones

Per p%—prﬂ[wz(w - w;(z—g)—e'(r—g)] 29)

4, n2
Pin = Pg(@)— p(aa” + %(a')2)+ %(aza')' - %%2— (2.10)

r—ee
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The internal asymptotic behaviour (r — 0) of the external solution p,, in (2.9) may be expressed as

follows:
= p - lim 2 1=
pexlr_)o"po_li%r[wz(t"’ ) ‘V2("E)_Q(t——6)]=

2 ” 4 ”
- - YO QD POV 5 2y 211)

Estimating the limits of the last two asymptotic expressions using the second formula of (2.6), one
obtains the long-wave approximation of the equation of radial oscillations in a compressible liquid

” 3 ’ a - 1 ” ”
aa”+>a 2 =—”£%ﬂ+6[2w2(t)+g ) (2.12)

It is remarkable that the term pQ’(¢)/r = p(a’a’Y'/r is the same both in the expression for p, and in
the expression for p;, (compare (2.10) and (2.11)), so that the asymptotic formulae can be compared.
The pressure at the flask wall may be expressed as follows, taking into account the external asymptotic

formula (2.9)
Pr —Po‘g[‘l’z(“' R) \l’z(t"g)‘Q'(f"g)] (2.13)

The term Q"(¢)/C represents the effect of the bubble on the reflected wave; it involves the third
derivative a”(f) and is fairly small in the long-wave approximation. Indeed, the components of Eq. (2.12)
may be estimated in the same way as (2.2)

2
aa” ~(a’)? "T' —Q"(t)"—( 2a)” ~

a

2.14
12C (214)
and the ratio between them is determined by a small parameter in the internal zone (around the

boundary layer of the bubble), given the validity, as assumed, of the long-wave approximation and the
smallness of the Mach number

Q"/IC Q"IC a a a a a’
xS g |——=eg,,—=M 2.15
“aa” Qla t,C A, C A, “C “ (2.15)
Noting that
= =aa”+2a’?, aa"+—3—a'2=————1a’2
a 2 a 2

we can rewrite (2.12) as

2p

Q 1 5 _p@=ps . 1., "
—a—~—az=——9f-+"C-,Q ), Pef=Po“?‘V2 (2.16)

2 p

If one assumes, in accordance with (2.15), that the term Q"(¢)/C is small, then the first equation of
(2.16) can be simplified considerably

o= a[%— a? 4+ L@ Pes ](1 +0(e,))
p

Differentiating this equality with respect to time, we obtain a long-wave approximation at low Mach
numbers for Q"(t)/C

Q” pa (a) Pet a ad Pa (a) Pet
= _(1+0 b L s Fef 4— | BalT Fef
C ( €)= l:aa 2 p ] Cc C dt[ p :| (2.17)
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The components of the right-hand side of this equation may be estimated in the same way as (2.14)
as of the first order of smallness compared with the principal terms of Eq. (2.12)

[aa = pa(a) pef:|a _._ﬁ_‘_{_[pa(a)—pef]__ég
2 p C Cat p p

and the implicit remainder term is of the second order of smallness compared with the principal terms
of Eq. (2.12)

€

a

L o) =2 ey
¢ 0=

Ignoring quantities of order €2 compared with unity (the long-wave approximation and the low Mach
number conditions assumed in the boundary layer around the bubble) and substituting formulae (2.17)
into (2.12), we have

(l_a_)aa"+3(1_£_)a'z=(1+a_)&££>_-@+zi Pu(@) = pes
c 2 iC C p C dt P

Thus the evolution of the bubble radius in a weakly compressible liquid (g, = Ap/p < 1) due to radial
displacements of the flask walls in the long-wave approximation (g, = a/A, < 1) at low Mach numbers
(M, =a’/C ~ ¢, < 1) is described by the following system of equations

2 /2__pu(a)_pef _‘1__4_ pa(a)_pef - _39_ ”
a = o +Cdt o » Pet =P CVZ

i nAlole ) ul-E)of-1)

This system is closed, given the state equation for the gas in the bubble with surface tension p, =
Pg(a), initial datat = 0: a = ay, a” = aj and the force acting on the flask walls, in particular, the pressure
at the flask walls pr = pr(?).

Finally, using the simplified expression (2.17) for Q” in the long-wave approximation at low Mach
numbers, one can rewrite the system of equations (2.18) as a system of differential-difference equations
with a recurrence reaction for p.(t)

aa” +

(2.18)

aa”+ gt = P @=Pec(t)  a d p,(@)=pec(t)
2 Po Cd Po
R RY 2R
pef(t+E)=pef(t_C) (t)—— s (Pa(@) = Pec)li—ric (2.19)

.37
2z 2%
p.(a)=py(a)——, p,(a)= (po +..a_)(__a_J

0

The system of equations (2.19) was first proposed in [6] to describe the slow (low Mach number)
stage of variation of the radius of a gas bubble in experiments on sololuminescence (oscillations of the
bubble under the action of a powerful acoustic field, accompanied by luminescence of the gas).

Experimental verification of the proposed mode! requires simultaneous measurement of both the
gas bubble size dynamics and the pressure of the liquid at the flask walls.

It should be noted that, generally speaking, the spherical symmetry of the problem is violated owing
to buoyancy forces. Computations show, however, that the upward displacement of the bubble
(buoyancy) is quite small compared with the size of the flask (it amounts to a few bubble radii). The
problem of the stability of the bubble position at the flask centre was considered in [9].

3. THE AMPLITUDE-FREQUENCY RESPONSE CURVE

To construct the amplitude—frequency response of the radial pulsations of the bubble one must
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linearize system (2.19) and determine the amplitude of the perturbation of the bubble radius and the
effective pressure as functions of the pressure at the flask walls and the frequency, for sinusoidal
perturbations of frequency ®.

The linearization of the system of equations for the perturbations

Aa=a—ay, Ape = P —Po» APR=Pr— Po

has the form
j‘a_”_‘_a_A_a_,__'_m(z)__:’__&T[é_’i*_ﬂA’;;f]
ay ay ag Podo | Po G0 Po
Apef(t+R/C)=Apef(t—R/C)+£Ap§(t)+ (3_1)
Po Po C p

. 2poaa®i Aa’(t- R/ C) 209 ApG(1—RIC)

poC a c Po
2 Po 2 Qg 2%
w; = By+@By-1o), d=w;—, 0 =——
07 pod °c Podo

Assuming sinusoidal perturbations

APR(I) = PRe'w, Apcf(t) =Pdein)l, Aa(t) =Aei(m
Po Po 0]

one can reduce the linearized system (3.1) to the equations

A=— py 1+iway/C
Pode ©F +idw — m*

. 2,.2
Pef Sln(ﬂc.R-) = ﬂR— PR + g‘i‘o—exp(_ M)[ pOaO(‘oO A+ Pef) (32)

ef

Introducing dimensionless variables

R agy poC2
x=—, g¢=—, I'=3y+@3y-1)6, E=——
c R Y+@y-1) ol

and substituting the first equation of (3.2) into the second, we obtain expressions for the amplitude
ratios of the perturbations

A 1 1+iex

P; T 1+iex—Ee’x?

-1

Pef . N E€3x3

——— -+ -— _-—-—T 3.3
P, x[s1n x +exp(—ix) 17 ier — Bl (3.3)
A

;; = AR(x) =

__x(+ i£x)

[(1+ iex — Ee*x?)sin x + Ee*x> exp(—ix)]!

T
Hence it follows that the absolute value of Ay is

2.2.4
x(1+€“x") %

lAgl=
k T
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X{[Ee’x* cos x + (1 - Eex?)sin x) + (1 - Ee®x?)?€2x? sin? x) 4 (34)

Clearly, as € — 0, when the effect of the bubble on the liquid dynamics disappears, the solution of
problem (3.3) degenerates into a solution corresponding to a monochromatic standing spherical acoustic
wave [7]

The quantity P, equals the amplitude of the pressure in the liquid at the centre of the flask. The
frequencies wy = knC/R (x; = kr) at which the liquid pressure amplitude at the centre tends to infinity
correspond to the case of “flask” resonance. This means that the ratio of the propagation time of a
wave from the flask wall to the centre and back (2R/C) to the oscillation period of the flask walls (2m/ay)
is an integer k.

Typical amplitude—frequency response curves |4, | (3.4) are shown in Fig. 1 for the case of a spherical
flask of radius R = S cm filled with water (C = 1500 m/s, p, = 10° Pa, py = 10> kg/m®, X = 0.073 N/m),
with a gas bubble (y = 1.4) of radius ay = 10, 100, 500 and 500 um situated at the flask centre. The first
“flask” resonance occurs at frequency w; = 94.2 kHz.

For fine bubbles, whose radius is very small compared with the flask radius (¢ < 1), resonance
(maximum | A, [) occurs when sin x’ = 0, or x = x;, = kn. Thus, the bubble has practically no effect on
the resonance frequency. It will influence the resonance frequency only when the oscillation frequency
of the flask is comparable with the resonance frequency w, of the bubble (cf. the curves for gy =
100 pm).

It is noteworthy that outside the bubble resonance zone, the smaller the bubble, the higher is the
value of the response function | A, | (cf. the corresponding curves for a; = 10 and 500 pum).

For bubbles of sufficiently large radius, but still significantly smaller than the flask, the parameter &
may considerably affect the shape of the response curve, both with respect to the value of the resonance
frequencies (which may differ substantially from the flask resonance frequencies) and the value of the
response function in the resonance domain (the case aq = 5000 pm).

[Ag
-
a0 = 100 um
40 '
20 !
a
A X./%
ﬂ 10pm
4 / \ ’
2 \ ‘ >/
I \ 500 pm
a - A _J w_J\ J
e Lo/ ]
N‘ 5000 um
/]
5 \
l — L b~
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4, NUMERICAL INVESTIGATION OF THE COMPLETE
SYSTEM OF EQUATIONS

We will now consider problem (1.4), (1.5) of the radial motion of a compressible liquid around a gas
bubble at the centre of a flask, on the assumption that the pressure on the flask wall varies according
to a given law. In Lagrange variables (7o, £), system (1. 4) takes the following form

o () 2 0 2002 2ot E

The boundary and initial data are
P(R.1)= pr(t), plag.t)=pg(a)-2%/a

(4.2)
rlo=15. P=0=Po, Ph=0=Po» Wl=0=0

where py is the density of the liquid at pressure p, and r, the Lagrange coordinate of the liquid particles;
the origin is taken at the centre of the bubble and the Lagrange coordinates coincide with the Euler

coordinates at the starting time. The equation of state of the liquid (the last equation of (4.1)) will be
the equation in the acoustic approximation

P=po+C2(p—po) (4.3)

The equation of state of the gas is taken as

pgla)= Lpo +%)( a)w 4.4)

corresponding to adiabatic behaviour of the bubble. The pressure at the boundary R varies sinusoidally

Pr(8)=po(1— Pgsinowr) 4.5)
For convenience in numerical integration the problem was expressed in dimensionless form (at
z=0
) or' ow ap oF __ c? (1
V= a_;, a‘t=— =W, p=1+ (——1)
%’ E PoPo
| R - -3
Pl — 1 |=pr(?), PO =F"(1,1)
2]
FIr=0 = '_b' ﬁl'r:O = 1’ WI‘::O = 0' VI1=0 =1
where
P Po 9 ) G ) Po

are dimensionless variables.

Figures 2 and 3 illustrate the result of computations carried out using a difference scheme [8] (the
solid curves) and our system of ﬁnlte-dlffercnce dlfferentlal equations (2.19) (the dashed curves) for
ag = 10 pm, R = 5 cm, py = 10° Pa, py = 10° kg/m’, C = 1500 my/s, and @ = w3 = 27 x 45 kHz. The
comparison was carried out for the time dependence of the bubble radius, with the Mach number
monitored from the velocity of the bubble wall. It can be seen from the figures that at small amplitudes
of the “flask” pressure (Pg = 0.01, Fig. 3) the Mach numbers are very small (JM] < 0.001) and model
(2.19) gives almost exact agreement with the solution of the complete system. If the amplitude of the
external pressure is increased by a factor of six (P = 0.006), the Mach numbers increase by a factor
of 50 (IM] < 0.005) and the approximate solution deviates from the exact solution.
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